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decision Is optimization

select the best/optimum
of all possible alternatives/solutions
regarding a quantitative criterion/objective
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select the best solution regarding the objective

decision: operation/strategy, static/dynamic, short/long-term
solution: plan/schedule, path/flow/routing, assignment/layout/design
objective: duration, distance/space, cost/profit/preference, amount/level




a tool for decision support:
mathematical optimization aka operational research

some historical FR players:
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scientist in optimization:
understand the business, do maths/cs, solve problems




mathematical optimization for decision

1 build an abstract model of a concrete system
2 derive a mathematical formulation: relationships/unknowns
3. apply an algorithm to solve the model

4 derive practical solutions
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solve ? theory/practice

feasibility ? optimality ?

- models are approximate - finite time # reasonable time
- data are uncertain - provable with a gap tolerance
- calculations are truncated - provable locally vs. globally
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mathematical optimization == decision support

math optimization also works for:

machine learning find a best model/data match: min empirical risk (supervised), maxreward (reinforcement), min distance
(clustering), max homogeneity (decision tree), max margin (svm), max likelihood (markov process).

control find a command u(?) to optimize trajectory x(¢) s.t. x'(¢) = g(x(?), u(¢))

game theory, economics, calculus,...

other advanced options for decision:

simulation given a reliable model but no good math formulation

machine Iearning given historical data but no good reliable model

hybridations evaluate computed solutions by simulation (e.g. black-box optimization), learn mathematical models
7



math opt for decision (specs 1)

reliable models: how accurate ? close to reality ?
optimality certificates: how good is the solution ?
versatile algorithms: if the problem changes ?

efficient algorithms: solution times for complex/large problems ?



math opt for decision (specs 2)

- discrete decisions and logical relationships (switch on or off ?if off then no process)

combinatorial optimization

- uncertain data (approximations and forecasts)
stochastic optimization



this PSL week:

monday-wednesday morning

Welington de Oliveira (Mines/CMA) Sophie mssey (Mines/CMA)

wednesday afternoon-friday
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https://sofdem.github.io
https://www.oliveira.mat.br

mixed mteger Imear programmmg (MILP)



NOT in this course:

- graph theory and combinatorial structures

- metaheuristics and approximation algorithms

- Logic or Constraint Programming

- Linear or Nonlinear Programming (just a glimpse)
- advanced theoretic topics in MI(N)LP
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this course: a practical approach how to model and solve
- MILP modeling techniques
- some applications
- notions of complexity
- main techniques to solve MILPs: bounding, branching, cutting

- modern MILP solvers (aka algorithms) and their usage

- steps towards reformulation, duality-based decomposition, and convex MINLP
- technical results without theoretical proofs (see the bibliography to learn more)
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broad applicability:
- logical conditions as binary variables and linear inequalities [\

- nonlinear relations (physic/economic) as piecewise-linear fits
- convex NonlLP = LP == convex MINLP = MILP (theoretically)

versatility:

- generic form = generic solvers fruit of many research works

- specific problem = specific model + generic solver + specific options
efficiency:

- easy LP + partial enumeration L]

- sophisticated strategies and algorithmic components

14



after this course, you should be able to:
- identify if an optimization problem is eligible to MILP
- formulate it as a MILP, identify its complexities, and implement the model
- run an off-the-shelf MILP solver, understand the solution process and ways to improve it
- describe main applications of combinatorial optimization: domains and problems

- describe the principle of advanced solution methods and their usage

15



validation be there and participate

retake  the code of the mini-project (to send by email before march 15)

16



".'t*:.éso-

et e L

. P ——

determlmstlc § stochastic variants

proposed dev environment: Jupyter NotebooR, Google (olab, Gurobi solver,
python APl: code + report directly through your browser

ooals: model as a MILP. implement and call a solver

- correctness >> completeness

»
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course schedule

course project
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minimize  f(x)

subject to:  g(x) < 0
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s.t.: Ax > b
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modelinzg logic as linear in B



true or Falsé

= isitem jselected ? x; € {0,1}
- isitem jassigned to item i ? x; € 10,1}
- 3t most 72 available items Xiy ..., X, € {0,1}
- 7z € R isitgreater thana ? xe{0,1},ze R,z>ax

binary variables to model true/false conditions on objects
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n items, value c¢; and weight w;

for each item j, capacity K.
a maximum value subset of 1tems
whose total weight does not exceed K.




logic with binaries

X, v binary variables; z continuous variable; &, k, 1 constants

- eitherxory x+y=1
- ifxtheny y 22X
- ifxthenz<a z<a+M-a)(l —x)«

big M constraint™

linear constraints on binary variables to model logical relations between objects

29



logic with binaries

X, v binary variables; z continuous variable; &, k, 1 constants

- eitherxory x+y=1

- ifxtheny y 22X

- ifxthenz<3a z<a+M-a)l —x)
- ifnotxthenz>a z2>2a— M+ a)x

- atmost 1 out of n X+ +x, <1
- atleastkout of n Xp+ - +x, >k

linear constraints on binary variables to model logical relations between objects

29
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min Z CixXi+ Z Zd”y”
j=li=1 SET £ :
n facility locations, m customers,

S.1. Zyljzl n i=1..m cost c¢3; to open facility J, cost dij to
J=1 or Zyl] > 1(if d positive) serve customer 1 from facility ]
yij=xj =l Jj=1l.n,i=1.m a mimimum (opening and service) cost
xj €10,1} j=1.n assignment of customers to facilities.

yiji €10, 1} j=1l.n,i=1.m



S e Y.,
ﬂﬂﬂﬂﬂ

n data points, distance d;; between
cach two points 1,]j, number k of clusters.
kK centers minimizing the sum of
distances between each point and 1its
nearest center.

YijE{Orl}rij{Oyl} i,j=l..n
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K-median clustering

Output

K-mean clustering

OQutput
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ijk= 1

k=1
X € 10,1}, ykEIde>O




min mJ’ <y, < max m]’ Vi, k

J J

N 4

X € 10,1}, yke[de>()




modelling nonlinear functions

setup value

discrete values

plecewise linear



setup value

f(x)=ax+ bo
co<x<Uod
0 €10, 1!}

0 is x positive 7 37



discrete values

JX)=2;0if;
Zi 151 =X
2.i0;=1
0;€1{0,1}i=0..n

0; is x=t (and f(x)=fi) 7 38



Special Ordered Set of type 1:
ordered set of variables, all zero except at most one

discrete values

fxX)=2;0;f;i
2. 10j=X

2.;0; =1
0;€1{0,1}i=0..n

SOS1(5)

0; is x=t (and f(x)=fi) 7 38



Special Ordered Set of type 2:
ordered set of variables, all zero except at most two consecutive

piecewise linear

f(xX)=2;A;f(ai)

2.iaidi=Xx

2iAi=1

/11' € [O, 1] 1 =0..n
SOS2(A)

Ai is x=ai; 7 (then Aiai+Adi+i1qi+; in |ai,ai+1] if Ai+Adir1=1)



modeling with Z



Xi =5

to order iis the sthiten

to count sitems are selectec

to measure time taskistarts 3t time 5

10 measure SPaCe itemiis located on floor 5

~ 0i5 = 1



Binary Integer Linear Program (BIP) (0,1}
Integer Linear Program (IP) 2

Mixed Integer Linear Program (MIP) z:u
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Input

1/ basic power generation problem

Output

- no need to Rnow the activity of each individual unit
- be careful with equations in power (MW) or in energy (MWh)
- Reep the same order of magnitude for data

44



Input
demand D, (MW)
, units of each type
Base cost C,
CT(E/M per each
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AT AR B e

max 4a + 8b
a+ 3b < 450

“ebez, EIENEN
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max 4a + 8b
a+ 3b <450 active

2a + b < 300
a+ b <200 active
a,b >0

RN PR PG e / 4 ——
- P w Fa S — i~ R _r'_,_._‘; o i 9o

L P relaxation

P SOIUtiOﬂZ a* + 3b* = 450, a* + b* = 200 = (a*, b*) = (IZO, 2;0)



Linear Pro gramiming cheat sheet

3‘3\\
MILP with \8’[@ . -LP relaxation

linear | mequ y = halfspace

LP feasible set = polyhedron

convex optimization
if LP is feasible and bounded, at least one vertex is optimal

primal simplex algorithm: visit adjacent vertices as cost decreases
interior point method runs in polynomial time (but simplex often faster)

strong duaIity: min{cx|Ax > b,x > 0} = max{ub|ulA <c,u > 0}

U
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1 company, 2 divisions, m products
with availabilities d., n retaililers with

demands aj; 1n each product j.

1]
an assignment of the retallers €O
the divisions approaching a 50/50

production Split.



MIPLIB markshare 5 0

| :~/Documents/Code/qurobi]$ gurobi.sh mymip.py\markshare_S_@.mps.gz
Changed value of parameter Presolve to ©

Prev: -1 Min: -1 Max: 2 Default: -1
Optimize a model with 5 rows, 45 columns and 203 nonzeros

Found heuristic solution: objective 5335 Input 3 : Jiv:‘:i 53 \CZVE e[S

Variable types: 5 continuous, 40 integer (40 binary)

Output

Root relaxation: objectiv ”0.@05\ Pe+00, 15 iteration

Nodes | Current Node | Objective Bounds | Work
Expl Unexpl | Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time

0 0 0.00000 0 5 5335,00000 0.00000  100% - @s Nt lint = 1
g— 1L v | »/ -
*62706364 28044 38 1.0000000 0.00000 100% 2. [ 1241s Tlme to the Solutlon 20 mlnutes

Explored 233848403 nodes (460515864 simplex iterations) 1n\\883 560 seconds
Thread count was 4 (of 4 available processors)

Optimal solutigpe=ies (tolerance 1.00e-04)
Best objective{{1l.000009000000e+00, best bound 1.000000000000e+00, gap 0.0%

Optimal object1

Time of optimality proof > 1 hour
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MILP # round LP-relaxation

fractional (5.78., 2)
) e
rounded (6.2)

i » ]

B e
optimal (0,1)
cost= 100k~
L4 ® ® @ P @ ®—
optimum = upper bound = 578



oeneral MILP is NP-hard

* small problems are easy
* some specific problems are easy




1||Cmax Scheduling
Problem

S.t. Sn,+]_ 2 S]_I_p] j: 1..n Input n ‘Afr.fi.(_g‘._'r\'/_i\w,/ duration A- for
Sj_SiZMXij-l-(pi—M) i,j=1.n i, one machine
. o . . OUtPUt C n - KesSpar ~h oA
X1]+x]l:1 l,]zlun;l<]
Sj € / 0 j=1l.n+1
Xij €10, 1} i,j=1.n

Xi; does 1 precede ] 7 s; starting timea of ]



min Z CijXij digraph (V,A), demand or supply

(1,7)€A b: at each node 1, capacity hj; and unit

S.t. Z Xij— Z Xij= b; ] flow cost cij for each arc (i, ]j)
jeo™ (i) ' ' a mimimum cost dinteger flow to
satisty the demand




LP = ILP sometimes

Y

&) O () O

integral polyhedra O 7

{) O

convex hull \

ideal formulation
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totally unimodular matrix
(theory)

(P) =max{ cx | Az < b,x € Z }

m basic feasible solutions of the LP relaxation (P) take the form:
T = (Zp,Zn) = (B~ 'b,0) where B is a square submatrix of (A, I,,)

m Cramer'srule: B~' = B*/det(B) where B* is the adjoint matrix
(made of products of terms of B)

m Proposition: if (P) has infegral dafa (A, b) and if det(B) = +1 then &
IS integral

A maftrix A is totally unimmodular (TU) if every square submatrix has
determinant +1, —1 or 0.

if Ais TU and b is integral then any optimal solution of (P) is integrall.

14



totally uni

modular matrix

(practice)

How o recognize TU 7

A Mas

TiX Ais TU if

O

B each column contains a

| the coefficients are +1

,—10r0

" MOost 2 non-zero coefficient

m fthere exists a parfition (M;, Ms) of the set M of rows such that
each column j containing two non zero coefficients satisfies

Z’iEMl Aij — ZiEMQ aij = 0.

AisTU «<— A'isTU < (A, I,)isTU
where A' is the transpose matrix, I,,, the identitiy matrix

15



Show that the Tl'anShimeﬂt ILPis ideal
ShowthattheSChEdUIlng ILPis NOT ideal
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Input

a basic power generation problem

Output

- no need to Rnow the activity of each individual unit
- be careful with equations in power or in energy
- choose units to enforce the homogeneity of the values

18



electric power demand D, (MW) for each time period p € {0,....,P — 1]
of A, hours, N, power generation units of each type 7€ I with power

output range LLfZﬂ (MW) . A reserve factor F € [0,1]. A base hourly cost

C’ (eur/h/unit) to operate a unit at its min level + a cost C’ (eur/
MWh) per extra MWh.

min Z (ApCfxtp +A4A,C L)

ltp) Z Dp Vp

t
Zztxtp > +F)*D,Vp

[
0<1,<(L—L)x,Vtp
0<x, <N Vtp

X, € L Vt,p




the number A, of active units at time O, a positive startup cost

C’ to turn a unit on.

Ytp



hydro power generation

Input

hydro unit h committed on period p
hydro unit h started on period p

reservoir depth increase (m/h) by pumping on period p
21



n... + Z (ApC}I;xhp + C]:jyhp)
h,p
Z(fop )+Zthhp>D + Eu, Vp

Zthfp+ZLh> (1+F)*D, Vp

Z ZRhApxhp = ZA U
p h p

Yip Z Xpp = Xpp—1 VI, P

Xp—1) = Ap
u, € R, Vp
xhpayhp S {091} Vhap




Input (noncyclic)

Input (cyclic)

Physical limits of the units:
minimum up/down times and
maximum ramp up/down rates

commitment must be monitored for units individually

23



minimum uptime

p—1
et P(p) = {0 <p'<p| ) A <A}}.

k=p’
Show that an unit of type 7 cannot been turned on more than once during P;“ (p).

Show that if an unit of type £ is off at time p then it has not been turned on at any time
ik e T

Reformulate these assertions as a linear relation between the binary variables modelling the unit
status and status change at appropriate periods.

24



minimum uptime (noncyclic case)

If unit 7 of type ¢ has been on for exactly A(J)“l. > 0 hours before time 0, what can you say about
its status and status change at any period in

p—1
Pi={p>0| ) A <Af— ALY
k=0

Fix binary variables modelling the status and status change of a unit at given periods according to
this assertion.

25
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Complete enumeration m
9

X2=(0 7= X2=0 2=

X3=U X3=1 X3=0 X3=1 X3=0 3=1 X3=C X3=1

X4=0/ WXs=1

A

min{cx | Ax = b, x € {0,1}" x R"""} = Zp LPs to solve
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Combinatorial explosion




Combinatorial explosion

TR

age of the universe = 290 mllllseconds T f T ‘
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Two options

mpute e@uate partial solutions
an ideal formulation progressively

Ny

O




CUt Generatiﬂn compute an i1deal formulation
BranCh&BOU nd evaluate partial solutions progressively

mOdern BranCh&CUt MIX Up+presolve+heuristics

dECOmPOSitiOﬂ methods (Branch&Price, Lagrangian relaxation, Benders)

6



Cutting Plane Algorithm



Cut valig inequality that separates a relaxed LP solution
Farhas Lemma cuts are inear combinations of constraints



cutting plane algorithm

1. solve the LP relaxation of (P), get x

2. 1f x 1s integral STOP: feasible then optimal
for (P)

ind cuts C for (P,X) from template T

4. add constraints C to (P) then 1.

separation subproblem



templates

general-pu -purpose

m|><ed intege ng, split, Chvatal-Gomory

structure-based

clique, cover, flow cover, zero half

problem-specific

subtour elimination (TSP), odd-set (matching)



Forany u € R the following inequalities are valid:

1. surrogate: Z 2 Uid;iX; < Z

2. round off: Z LZul a;|x; < Z

3. ChvataI-Gomory: Z LZ ua l]Jx < LZ ub (luA|x € Z)




S = {y € {0,1}|11y1 + 6y2 + 6ys + 5ys + 5ys + dys + yr < 19}

B (ys3,y4, Y5, Ys) IS A MIiNiMal cover for
11y; + 6y2 + 6ys + dys + dys +4ys + yr < 19As6+5+5+4 > 19 then
ys +ys + ys + ys < 3 1S A cover inequality

B we can derive a stronger valid inequality
y1 +vy2 +ys +ya + ys + ye < 3 by noting that y1, yo has greater
coefficients than any variable in the cover

m note furthermore that (y1,y:,y;) Is a coverVi #£ j € {2,3,4,5,6}
then 2y1 + y2 + y3 + ya + ys + ys < 3 is also valid I|ft|ng
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Subtour for TSP

’-
x\
.Jg

i \/!
T |

\/’/ ; = //

\ /
separation: solve min s-t cut in (V, f, x) for somb{(eband foreachr € V\{s} to
find a cutset 6(Q) of capacity < 2 or prove that none exists




I I ITI ItS depending on the templates

the algorithm may stop prematurely

the algorithm may not converge

the algorithm may converge slowly

the separation procedure may be NP-hard
the LP relaxation grows

the LP relaxation structure changes



 |P-Branch and Bound




Search tree

divide/evaluate/prune oracle(S)=FALSE if
no solutionin S
: (false-positive allowed)




| P-based branch and bound

1. evaluate by solving the LP relaxation and compare bounds
2. divide with variable bounding (hyperplanes)

oracle(S) = FALSE if either:
— the LP relaxation 1s unfeasible on S
— the relaxed LP solution X 1s not better than
the best 1nteger solution found so far x*

—X is integer (then update x*)

18



X<

integral solution

19



pranching

node selection

which order to visit nodes ?

variable selection

now to separate nodes ¢

constraint branchin
VErsus variable branching



node selection

integral solution *. no solution .,  integral soltiorr. | suboptimal .
update2 g fail ' update3

Best Bound First Search explore less nodes, manages larger trees

Depth First Search sensible to bad decisions at or near the root

DFS (up to n solutions) + BFS (to prove optimality) —

21



variable selection v

N

y<=1 X>=2 - X

most fractional easy to implement but not better than random
strong branching best improvement among all candidates (impractical)
pSEUdOCOSt branching record previous branching success for each var (inaccurate at root)

reliability branching pseudocosts nitialised with strong branching —



constraint branching

GUB dichotomy

m if (P) contains a GUB constraint > z; =1, 2 € {0,1}"

mchoose C' CCst.0<> T

<1

B credte fwo child nodes by setting either ) |, z; =00r >, x; =1

m enforced by fixing the variable values
B |leads to more balanced search trees

SOS1 branching

choose a warehouse depending on ifs size/cost:

COST = 100x1 + 180x2 + 320x3 + 45024 + 600x5
SIZE = 10x1 + 2022 + 4025 + 60x4 + 80x5

(SOST) a1+ a2 +a3+24+25 =1

mletz; =03and zs =0.65INnt

ne LP solution then SIZE= 55.5

m choose C' = {1,2,3} in order"

‘0 model SIZE< 40 or SIZE> 60
23



bounding: the dual simplex algorithm

primal-dual problem pair: min{c 'x|Ax = b,x > 0} = max{u'b|A'u < ¢}

X

u

X = (xg, xy)Withxy = 0, x5 = Az'bandu' = c3 A,

primal basic feasible solutions are the extreme points of polyhedron P = {x > 0 | Ax > b}

if both are feasible (x; > Oand ¢

— U

A > 0) then both are optimal (" b = cz x5 = cx)

primal simplex algorithm: iterate over bases, maintain primal feasibility, stop when achieving dual feasibility
dual simplex algorithm: iterate over bases, maintain dual feasibility, stop when achieving primal feasibility

branching == updatingb> == the dual basic solution remains feasible
we can the dual simplex algorithm to solve the LP-relaxation at a search node with the dual basic

solution of the parent node

great impact on the running time of the LP-B&B algorithm

convex MINLP: NLP-B&B algorithm does usually not perform well (0A-based cutting-plane algorithms are usually
better) mostly because no such warm-start algorithm exists for NLP

24
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Input (noncyclic)

Input (cyclic)

Physical limits of the units:
minimum up/down times and
maximum ramp up/down rates

commitment must be monitored for units individually

68



minimum uptime

p—1
et P(p) = {0 <p'<p| ) A <A}}.

k=p’
Show that an unit of type 7 cannot been turned on more than once during P;“ (p).

Show that if an unit of type £ is off at time p then it has not been turned on at any time
ik e T

Reformulate these assertions as a linear relation between the binary variables modelling the unit
status and status change at appropriate periods.

69



minimum uptime (noncyclic case)

If unit 7 of type ¢ has been on for exactly A(J)“l. > 0 hours before time 0, what can you say about
its status and status change at any period in

p—1
Pi={p>0| ) A <Af— ALY
k=0

Fix binary variables modelling the status and status change of a unit at given periods according to
this assertion.

/0



maximum ramp

If unit 7 of type 7 starts at p (yithp = ]) then lltp lltp | < LS

Otherwise either unitiisonatp-1andonatpand /;,, — [, | < LJr
or unit i is on at p-1 and off at p and lltp — A O
or unitiisoffat p-1and offatpand /;,, — [;;,, | =

/1
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modern solvers
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SImplex
var branching

Preprocessing

Branch & (ut
HeuriStICS




Presolving Primal Heuristics Cutting Planes

° ® '/f
O O O O

Branch & Bound Domain Propagation Conflict Analysis
. X ETE X

/ S B X2 I X2 I K\
£ ./, X3 Nl = X3 KX
- N m B mi .

Slidefrom Martin Grotschel Co@W Berlin 2015
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Component Impact CPLEX 12.5 Summary

N | models

g 380 «12-core Intel- Xenon2.66-GHz
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MIP Evolution, Cplex numbers

e Bob Bixby (Gurobi) & Tobias Achterberg (IBM) performed the following interesting experiment
comparing Cplex versions from Cplex 1.2 (the first one with MIP capability) up to Cplex 11.0.

e 1,734 MIP instances, time limit of 30,000 CPU seconds, computing times as geometric means
normalized wrt Cplex 11.0 (equivalent if within 10%).

Cplex versions  year | better worse time
11.0 2007 0 0 1.00

10.0 2005 201 650 1.91

9.0 2003 142 793 2.3

3.0 2002 117 856 3.56

71 2001 63 930 4.59

65 1999 71 997 747

Speedups 1991-2007 6.0 1998 55 1060 21.30

50 1997 45 1069 22.57

) SR, R 40 1995 37 1089 26.29
N | ey - 29530x 3.0 1994 34 1107 34.63
.| - 21 1993 13 1137 56.16
£ P 1.2 1991 17 1132  67.90

/I 100073

From Andrea Lodis MIP course (Wien 2012)

100

11, il

1221 213 3.4 4.5 56 6465 5871 T1.8 8-.9 910 1C—

CPLEX Version-to-Version Pairs

From Robert Bixby (1000x MIP Tricks 2012)

Version-to-Version Speedup
n

Cumulative Spee
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(PLEX 20.1

Here are descriptions of the cuts implemented in CPLEX.
exception of implied bound cuts. Implied bound cuts cal

— Boolean Quadric Polytope (BQP) cuts

— Clique cuts

— Cover cuts

— Disjunctive cuts

— Flow cover cuts

— Flow path cuts

— Gomory fractional cuts

— Generalized upper bound (GUB) cover cuts
— Implied bound cuts: global and local

— Lift-and-project cuts

— Mixed integer rounding (MIR) cuts

— Multi-commodity flow (MCF) cuts

— Reformulation Linearization Technique (RLT) cuts

— Zero-half cuts

ClhiqueCuts
CoverCuts
FlowCoverCuts
FlowPathCuts
GUBCoverCuts
implhieaCuts
MIPSepCuts
MIRCuts
StrongCGCuts
ModKCuts
NetworkCuts
ProjimpliedCuts
SubMIPCuts
ZeroHalfCuts
InfProofCuts

31

GUROBI 7.5-10.0

Cligue cut generation

Cover cut generation

Flow cover cut generation

Flow path cut generation

GUB cover cut generation
Implied bound cut generation
MIP separation cut generation
MIR cut generation

Strong-CG cut generation
Mod-k cut generation

Network cut generation
Projected implied bound cut generation
Sub-MIP cut generation
Zero-half cut generation
Infeasibility proof cut generation



reduce size

remove redundancies  x+ys<3, binaries
substitute variables  x+y-z=0
fix variables by duality ¢;20, A;20 = x=x,,,

fIx variables by probing x=1 infeas = x=0

strengthen LP relaxation

adjust bounds 2x+y=l, binaries = x=0

It coefficients 2x-y<l, binaries = x-y<I

identify/exploit properties

detect implied integer 3x+y=7, x int = y int

U

ld-
detec

he con’

fict graph

[l

- discor

nected components

ove symmetries

32

Preprocessing




§

{‘ | BN T VT3 - T
1\\ ‘ ‘ [ ,’/’ ! 1‘?,‘.;1'; 7 i 1"'&“1;.'
& 4 AL? . L' ¥ - v
| / [/ ¢/ A e
,")'f 805 1% L R I St A
o/ =i 4 k78
- ( § e il
} PR T
} ! 1.,

TresPeTteFTerebil$ gurobi. sh mymip.py markshare 5 0.mps.gz
\WChanged value of parameter Presolve to @
=5 Jerault: -1
0pt1m12e a model with 5 rows, 45 columns and 203 nonzeros
Found heuristic solution: objective 5335
Variable types: 5 continuous, 40 integer (40 binary)

Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | Objective Bounds | Work
Expl Unexpl | O0Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time

) ) 0.00000 9 5 5335.00000 0.00000 100% — Qs

*x62706364 28044 38 1.0000000 0.00000 100% 2.1 1241s

Explordd 233848403 fodes (460515864 simplex iterations) i 3883.5§ seconds

Thread of 4 available processors)

Optimal solution found (tolerance 1.00e-04)
Best objective 1.000000000000e+00, best bound 1.000000000000e+00, gap 0.0%

Optimal objective: 1




[ :~/Documents/Code/gurobil$ gurobi.sh mymip.py markshare_5_0.mps.gz
Optimize a model with 5 rows, 45 columns and 203 nonzeros

Found heuristic solution: objective 5335

Presolve time: 0.00s

Presolved: 5 rows, 45 columns, 203 nonzeros

Variable types: 0 continuous, 45 integer (40 binary)

Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | Objective Bounds | Work
Expl Unexpl | O0bj Depth IntInf | Incumbent BestBd Gap | It/Node Time

. 00000 0 5 5335.00000
320.0000000
6 320.00000
5 320.00000
6 320.00000
5 320.00000
239.0000000
. 00000 0 5 239.00000
* . 29 96.0000000
* 99 32 34 58.0000000
H 506 214 53.0000000
H30682 442 1.0000000

.00000 100% 0s
.00000 100% 0s
.00000 100% 0s
.00000 100% 0s
.00000 100% 0s
.00000 100% 0s
.00000 100% 0s
.00000 100% 0s
.00000 100% . 0s
.00000 100% . 0s
.00000 100% . 0s
.00000 0.00% . 0s

. 00000
. 00000
. 00000

0
0
0
. 00000 0

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

S
P OO OO0 S

Cutting planes:
Cover: 206

Explorgd 30682 nodSY (65348 simplex iterations) if 0.70¥econds
o Ry @ (of 4 available processors)

Optimal solution found (tolerance 1.00e-04)
Best objective 1.000000000000e+00, best bound 1.000000000000e+00, gap 0.0%
Optimal objective: 1 33
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\// ‘ounding LP solution

o~ o o . diving at some nodes
ocal search In the Incumbent neighbournooc

Prima‘ H@UriStiCS p.g.: feasiility pump, RINS

accelerate the search a little

appeal to the practitioner a lot



imits

highly heuristic (branching decisions, cut generation)
floating-point errors and optimality tolerance (0.01%)
generic features

less effective on general integers (ex: scheduling)

hard to model (and solve) non-linear structures
NP-hard



modern solvers

play with Gurob

how to tune

O
o



Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | s==@bicctive Bounds | Work
Expl Unexpl | Obj Depth IntInf Incumbent BestBd Gap | It/Node Time

g 0 0 0.00000 0 5 5335.00000 0.00000 100% - 0s
</I4 , 0 0 320.0000000 0.00000 100% - 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s

0 0 0.00000 0 5 320.00000 0.00000 100% = 0s

0 0 0.00000 0 6 320.00000 0.00000 100% - 0s

0 0 0.00000 0 5 320.00000 0.00000 100% = 0s

H 0 0 239.0000000 0.00000 100% - 0s
g 0 0 0.00000 0 5 239.00000 0.00000 100% = 0s
< * ,36 0 29 96.0000000 0.00000 100% 2.7 0s
99 32 34 58.0000000 0.00000 100% 2.1 0s

H 506 214 53.0000000 0.00000 100% 1.9 0s
H30682 442 1.0000000 1.00000 0.00% 2.1 0s

use as a heuristic

Set 3 time limit

MIPFocus=1
ImprovestartGap=0.1

37



Root relaxation: objective 0.000000e+0@iterations, 0.00 seconds

Nodes | Current Node | Objective Bounds | Work
Expl Unexpl | Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time

0 0 0.00000 0 5 5335.00000 0.00000 100% - 0s
H 0 0 320.0000000 0.00000 100% - 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% - 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% - 0s
H 0 0 239.0000000 0.00000 100% - 0s
0 0 0.00000 0 5 239.00000 0.00000 100% o 0s
* 36 0 29 96.0000000 0.00000 100% 0s
* 99 32 34 58.0000000 0.00000 100% Qs
H 506 214 53.0000000 0.00000 100% 0s
H30682 442 1.0000000 1.00000 0.00% 0s

change the LP solver
f nblteration(node) = nblteration(root)/2

NodeMethod=2
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Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node
Expl Unexpl | Obj Depth IntInf

se=@l.cctive Bounds | Work
Incumbent BestBd Gap | It/Node Time

0 0 0.00000 0 5 5335.00000 0.00000 100% - 0s
H 0 0 320.0000000 0.00000 100% - 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% = 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% = 0s
H 0 0 239.0000000 0.00000 100% - 0s
0 0 0.00000 0 5 239.00000 0.00000 100% = 0s
* 36 0 29 96.0000000 0.00000 100% 2.7 0s
* 99 32 34 58.0000000 0.00000 100% 2.1 0s
H 506 214 53.0000000 0.00000 100% 1.9 0s
H30682 442 1.0000000 1.00000 0.00% 2.1 0s

with a feasible solution

T built-in heuristics fall
PumpPasses,MinRelNodes,ZerolUbjNodes

it

model .read(‘initSol .mst’)

model .cbSetSolution(vars, newSol)
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Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | Objecti
Expl Unexpl | Obj Depth IntInf | Incumbent

| Work

BestBd Y)Gap | It/Node Time

0 0 0.00000 0 5 5335.00000 0.00000 100% - 0s
H 0 0 320.0000000 0.00000 100% - 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% = 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% = 0s
H 0 0 239.0000000 0.00000 100% - 0s
0 0 0.00000 0 5 239.00000 0.00000 100% = 0s
* 36 0 29 96.0000000 0.00000 100% 2.7 0s
* 99 32 34 58.0000000 0.00000 100% 2.1 0s
H 506 214 53.0000000 0.00000 100% 1.9 0s
H30682 442 1.0000000 1.00000 0.00% 2.1 0s

tighten the model

T the bound stagnates
Cuts=3

Presolve=3

model .cbCut (lhs, sense, rhs)

40



http://www.gurobi.com/

i

GUROBI

OPTIMIZATION

/documentation/current/refman/index.html

/resource-center/
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you Rnow your problem better
than your solver does






- o

min Zc]x]+z Zd”yl]

m1an]x]+ZZd,]yl] -

j=li=1
s.t. Zy,-jzl

j=1

Vii S Xj

xj €101}

yij €10,1}
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Uncapacitated Lot
Sizing Problem

Input -

OQutput
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Uncapacitated Lot
Sizing Problem

n n
min ) fiye+ Y pexe+ ) hes
t=1 t=1 =1
S.t. Sy_1+ X =d;+ St t=1..n
Xr < My; t=1..n
v, €10, 1) t=1.n an
St, X =0 r=1,...,n

S()ZO

45



Uncapacitated Lot
Sizing Problem

n

r—1
2 2 hjzi

i=1r=i+1j=i

~
|
[—
~.
|
[—
~
|
(o

s.t. Y zir=d; t=1..n
i=1 29
Zir < d;y; i=1.mt=1i..n
yr €10, 1} r=1..n
zir =0

Zir production in period 1 tossatisfy demand of period t
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https://colab.research.google.com/drive/19WNrTomQnD12aScfmJRxQZGdxwsL3ehc

Input (noncyclic)

Input (cyclic)

Physical limits of the units:
minimum up/down times and
maximum ramp up/down rates

commitment must be monitored for units individually

63



minimum uptime

p—1
et P(p) = {0 <p'<p| ) A <A}}.

k=p’
Show that an unit of type 7 cannot been turned on more than once during P;“ (p).

Show that if an unit of type 7 is off at time p then it has not been turned on at any time
P’ € Pr(p).

Reformulate these assertions as a linear relation between the binary variables modelling the unit
status and status change at appropriate periods.

64






minimum uptime (noncyclic case)

If unit 7 of type ¢ has been on for exactly A(J)“l. > 0 hours before time 0, what can you say about
its status and status change at any period in

p—1
Pi={p20| ) A <Af—ALY
k=0

Fix binary variables modelling the status and status change of a unit at given periods according to
this assertion.

66



Xip = 1Yy, = 0.y, =0 Vi, t,p € Py




Z Xitp = Xips VI, P

l
+ .
2 Vit < Xi Vi, t,p
p'EP(p)
1ot — )y — - +
Xigp = l,yl.tp =0y, =0 Vi, t,p € P,

2 yi?p’ < 1 — xitp Vl, tap
p'eP; (p) N B . B
Xitp = O’yitp — O9yitp =0Vit,peP,

yi_t;) + yi?p < 1 VZ, tap
., t — ;
xitp  Mip—1 T yitp R yitp Vl’ tap

Xigps Vi Yip € 10,1} Vis 2, p




Z Xitp = Xips VI, P

l
+ .
2 Vit < Xi Vi, t,p
p'EP(p)
1ot — )y — - +
Xigp = l,yl.tp =0y, =0 Vi, t,p € P,

2 yi?p’ < 1 — xitp Vl, tap
p'eP; (p) N B . B
Xitp = O’yitp — O9yitp =0Vit,peP,

yi_t;) + yi?p < 1 VZ, tap
., t — ;
xitp  Mip—1 T yitp R yitp Vl’ tap

Xigps Vi Yip € 10,1} Vis 2, p




maximum ramp

funit 7 of type 7 startsatp (v, = 1) thenl;,, — [;;, ;| < LS

Otherwise either unit iisonatp-1andonatpand ;,, — [;;, | < LT
or unit i is on at p-1 and off at p and lltp . ()
or unitiisoffatp-1andoffatpand ;,,, — [, =

69



[

+ S+
itp — litp—l <L Xitp—1 + L Yitp Vi, t,p




—Lx, )=1L,Vip

='itp

1 + LSy+ VZ t,p

< L'x

[ —1

itp itp—1 ltp itp
[ _—1L

E . —
itp—1 Itp <L it +L thp Vi, L,p
Xig—1y = Lif Loy, > O else Xi—1y = 0 Vi, 1
li—1y = Loir Vi1

Lx,,<l, < thltp € {0,1} Vi,t,p




Z (litp _—t ltp) — lt ) Vt’p

+ S.,+
ip itp—1 < L ltp 1+L yztp VZ tap

in—1 — Ly < Ly X, LEynp Vi, t,p
it( 1) — 1 If LOll‘ > O else xt( 1) — O VZ [
H(—1) = L()lt Vl [

Lo~
I

ll
Lx,, <l <Lx, {01} Vitp

itp
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decomposition methods

cut generation/branch&cut
Dantzig-Wolfe/column generation/branch&price

lagrangian relaxation

Benders decomposition



n contalners, m 1tems,
capacity ¢ for all contalners,
welght w; for each 1tem ]

a packing of all 1tems 1n

a mimimum number of contalners




how to manage the exponential number of variables ?

n contalners, m 1tems,
capacity ¢ for all contalners,
welght w; for each 1tem ]

a packing of all 1tems 1n

a mimimum number of contalners

Dantzig-Wolfe decomposition



1/ solve the restricted LP with the primal simplex algorithm where the
omitted columns A are implicitly non-basic variables
2/find j € N that can profitably enter the basis ¢, < 0, stop if none

max ub
UA; < cj, Vj

u;, > 0, Vi

given a basic dual solution « find j suchthat ¢; = ¢; — uA; < 0




1. solve the restricted LP:
min{ZxS\ZaijS= 1 Vj,x, 20 Vs eSS}

SES SES
get the corresponding dual solution u# € R"

. look for an improving basic direction
= some s € Y\S with 6S=1—Zaj17tj<0

J
e.g. by solving max{ Zajb_tj\ ijaj <K,ae{0,1}"}
J J
. if Za]?"ﬁj>1 add column (l,a*) to § then 1 otherwise

j
STOP: (X;,0) solves the full LP (maybe not integer)




Branch-and-Price for MILP

- branch-and-bound for ILP with large number of variables where the LP relaxation
is solved by column generation

- the branching strategy should Reep the search tree balanced without altering the
LP relaxation structure

ex (bin packing): branch by fixing to O either all x|{i,j} C s or
all x |{i,j} €5 for some pair of items (i,j) s.t. O0< Zal-sajsx;‘<<1

- the pricing problem can be seen as an optimization problem but does not need to
be solved at optimality, except for the convergence proof.

- convenient decomposition method when additional constraints only appear in the
pricing problem

ex (bin packing): conflict constraint ) 4;<I
ieC
51



m n
max ) ) CjXij

i=1j=1

n items, m bins, value c;

and weight w; for each item jJ,

n
S.1. Z WjXij < K;

]._
capaclty K; for each bin 1.

a maximum value subset of
1tems packed 1n the bins.




n
maxZZc,x,]+ZuJ(l Zx,]) u < IR+

i=1j=1

n items, m bins, value c;

and weight w; for each item jJ,

S.1. Z WjXij < K;

j=1
capaclty K; for each bin 1.

m

a maximum value subset of
1tems packed 1n the bins.
j=l.n,i=1.m

lagrangian relaxation




(P) : 7 = max Z (D) : w=minl(u)

u>0

‘ (W) = ue + Z Z;
Z Dixi < ¢ k

k
(Pu) . Zblf = IMax Ckxk — uDkxk

Ax, < b,
Xt e 7 x R"

Vk
X, €ZP xR",  Vk

(D)is the lagrangian dual problem
(P ) is the lagrangian suproblem with multipliers 2/

strong duality may not hold if p>0, ie the dual only provides an upper bound W > 7



(P) : z = max Z Z CiX;; (D) : w = min [(u) W|th (1) = Z U; + Z Zl-u

u>0 )
J

2wy < K. ' (Pf) : 2 = max ) (¢;— wx;

J
Z wix; < K;
J

x; € {0,1},V]

function /is convex and a subgradient at 4 > Qis 1 — Z X;" where x;" an optimal solution of

l

(P;") a0-1 knapsack with altered costs

- at eachiteration, for a given 14, the solution x“ is KP-feasible but some items may be assigned more than
once: remove the less profitable doublons to get a feasible solution

- ifno doublon and if every item j with ; > (s assigned then x"is optimal for (P)




lagrangian relaxation: applications

in MKP: the Rnapsacks subproblems share the same set of items but different
capacities: helpful to speed up the solution of (P*)

the lagrangian dual is always at least as good as the LP relaxation

sometimes it is not better, ex: dualize the Rnapsack constraints instead of the
assignment constraints in MKP

lagrangian relaxation is applied, daily and for decades, by EDF to the Unit Commitment
Problem for the french electricity production: dualize the unit coupling constraints and
generate independent commitment plans for each unit. It allows to take into account
specific technical rules (e.g. ramping) for each unit types.

another typical application in planning: dualize time (loosely-)coupling constraints
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Benders decomposition

- typically: problems coupling binary/continuous variables

P :min{cx+dy|x € PN ZP,Ax + By > e}where
f(x) = min{dy| By > e — Ax} can be dualized

- strong duality: either feasible f(x) = max{u(e — Ax) |uB < d} or
infeasible and it existsarayu | AuB < dVA,u(e — Ax) > 0

P:min{cx+z|xePnNZP,z> f(x)}

- relax z > f(x) then at each iteration k: solve the relaxation and get solution

x* solve the dual subproblem get 1 and generate a cut, either
z > uf(e — Ax)iffeasibleor O > (e — Ax) otherwise

- stop when lower bound cx* + z*is equal to best upper bound cx’/ 4 A(x/)

oY



a glimpse of MINLP

convex continuous relaxation:
- NLP-B&B: bound by solving the NLP relaxation with an interior point method

- 0A algorithm: cutting-plane method with cuts as first-order approximation (LP outer
approximation)

~ | P-NLP B&B: a branch-and-cut with an LP relaxation with OA cuts generated at each
integer node

nonconvex continuous relaxation: |
- spatial B&B: branch on integer variables and on nonconvex constraints
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