Combinatorics everywhere

a practical view

iﬁ'the MILP way
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modeling with B

n items, value c; and

weight wy for each item j,

capacity K.

a maximum value subset of
items whose total weight does not
exceed K.

thEIOI' falsg

is item j selected ? xj €{0,1}

in an optimal solution...

- isitem jassociated toitem i ? yij€{0,1}

= isnon-negative x greaterthana? x=zay, yeifo, 1}

is constraint ¢ satisfied ?




logic with binaries

either x ory x+y=1

if x theny y=x
ifxthenf<a f<ax+MQ1-x)
at most 1 out of n X+t xy<1

at least R out of n Xi+t x>k

n n m
min Y cjxj+ Y. Y dijyij
=1

j=1i=1

n
s.t. 2:_yﬁ =1
j=1

Yij=Xj
xj€1{0,1}
yij€{0,1}

“bigM”

, m
facility
er i from

and

n facility locations, m
customers, cost cj to open facility
Jj, cost dij to serve customer i from
facility j

a mimimum (opening and
service) cost assignment of
customers to facilities.

n tasks, duration pi for
each task i, one machine

a minimal makespan
schedule of the tasks on the

machine without overlap




non-linear functions

f(=

b

setup value
min $y41
St Sue1 = 5]+ P j=l.n : ‘ piecewise linear

Sj—si=Mxij+(pi-M)  i,j=1.n fzp fzp
Xij+xji=1 L j=l.mi<j
SjeZy j=l.n+1
x;ij€{0,1} i,j=1l.n

f(=x .
= setup value
f(x)=ax+bb fx)=X;0ifi
€ed<x<Ub Yiidi=x
6€{0,1} Lidi=1
0;€{0,1}i=0..n

0 is x positive 7 12



ordered set of variables, aII zero except at most one ordered set of variables, all zero except at most two consecutive

F)=%,6:f; f@=XiAif(a)
Yiidi=x Yiaidi=x
E:iéiiizl z:i;li:= 1
0;€{0,1}i=0..n Ai€l0,1]i=0..n
SOS1(5) SOS2(A)

n data points, distance dj;
between each two points 1, j,
number k of clusters.

k centers minimizing the
sum of distances between each

point and its nearest center.

xi;€{0,1}, ¥, €{0,1}




modeling with Z

Integer Linear Program (IP) -

Mixed Integer Linear Program (MIP) zru (-

Xi =95

to order i the sth item

to count sitems are selected

to measure time tski starts at time 5

to measure Space eniis located on fioor 5

= 0i5 = 1\

Market Split Problem

Input

Output



m
. .
min Zs] +5;
j=1 dj, n
n
T S each
s.t.i_zla,]x,+sj s

x; €{0,1} ~etailers

a 50/50

5 products, 40 retailers

(hold the line please)

Int Opt = 1
Solution time = 20 minutes

Proof time = > 1 hour

ments/Code/gurobil$ gurobi.sh mymip.py markshare_5_@.mps.gz
Changed value of parameter Presolve to @
Prev: =1 Min: =1  Max: 2 Default: -1
Optimize & model with 5 rows, 45 columns and 203 nonzeros
Found heuristic solution: objective 5335
Variable types: 5 continuous, 4@ integer (42 binary)

Root relaxation: objectivy(@.000d)0e+00, 15 iteration® 0.00 Jeconds

Nodes ] Current Node 1 Objective Bounds ] Work
Expl Unexpl | Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time

*52706364 28044

xp odes (460515864 simp
Thread count was 4 {of 4 available processors)

Optinal soluti (tolerance 1.00e-84)
Best objectiveql. 80000e+00, best bound 1.000000200288e+0@, gap 0.0%
t




LP#ILP

“ILP is NP-hard: | cant solve it !"

round LP # ILP

23

=S 1||(max Scheduling
= Problem

min $;;4+1
S.t. Sp+1 = §j

j=1l.n
sj—$i=Mx;j+(pi—M) i,j=1l.n
Xij+xji=1 L j=l.mi<j
sjezf 20 j=l.n+1
xij€{0,1} i,j=1l.n




digraph (V,A), demand or : min Z CijXij
supply b; at each node i, i ' (i,j)eA
capacity hij and unit flow cost S.t. Z Xij— Z Xjj= b; ieV
cij for each arc (i,j) jest () jes— ()

a mimimum cost integer Xij < hij (i,j)eA

flow to satisfy the demand L.
xijE% >0 (i,j)eA

integral polyhedra

convex hull

ideal formulation

27 27



totally unimodular matrix
(theory)

(P) =max{ cz | Az < b,z € Z }

m basic feasible solutions of the LP relaxation (P) take the form:
z = (Zp,Tn) = (B~'b,0) where B is a square submatrix of (A, I,)
m Cramer’'s rule: B~! = B*/det(B) where B* is the adjoint matrix
(made of products of terms of B)

m Proposition: if (P) has integral data (A, b) and if det(B) = +1 then &
is intfegral

A matrix A is fotally unimodular (TU) if every square submatrix has
determinant +1, —1 or 0.

If Ais TU and b is integral then any optimal solution of (P) is integral.

28

totally unimodular matrix
(practice)

How to recognize TU ?

A matrix A is TU if
m all the coefficients are +1, —1 or 0
m each column contains at most 2 non-zero coefficient

m there exists a partition (M;, M) of the set M of rows such that
each column j containing two non zero coefficients satisfies

Dieny Yii — Dienr, @ij = 0.

AisTU <= A'isTU <= (A,I,)isTU
where At is the transpose maitrix, I,,, the identitiy matrix

29




UtS compute an ideal formulation and solve the LP

anCh&BOU nd enumerate solutions implicitely

3)('9[“ BranCh&CUt Mix up+presolve +heuristics

4(omposition methods (Branch&Price, Lagrangian, Benders)

32

cutting plane algorithm

1. solve the LP relaxation (P), get xx

2. if x* is integral, STOP

3. find a cut for (P,x*) from a template T
C“t valid inequality that separates the LP solution

Fal‘has I.emma any cutis aulinear combination of the constraints

35



templates

generic | -
Gomory Mixed Integer, Mixed Integer Rounding, Split, Chvatal-Gomory

structural

clique, cover, flow cover, zero half

problem-specific

subtour elimination (TSP), odd-set (matching)

36

over

ex

Cover inequalities
S = {y € {0,1}7|11y1 + 6yz + 6ys + 5ya + bys + dys + yr < 19}

® (y3, 94,5, ¥s) IS A Minimal cover for
11y1 + 6y2 + 6ys + Sya + 5ys + 4y +y7 <190as6+5+5+4 > 19 then
ys + ya + ys + ys < 3is a cover inequality

m we can derive a stronger valid inequality
y1+y2 +ys +ya + ys + ys < 3 by noting that y1, y2 has greater
coefficients than any variable in the cover

m note furthermore that (y1,y:,y;) is a cover Vi # j € {2,3,4,5,6}
then 2y +y2 +ys + ya + ys + ys < 3is also valid

The procedure to get this last equality is called lifting

38

Combining constraints, then rounding leads to valid inequalities.

|
Let u € RY', then the following inequalities are valid for (P):

m surrogate: 33 wjaix < 3070 uib; (since u > 0)

m round off: ET:I [ujaijjm,- < E;’L:l Ujbj (Since [ujaijj < Uj Qi and
z > 0)

m Chvatal-Gomory: 377, |ujai; |z < [3071, u;bs] (since e € Z and
e < fimplies that e < | f])

m CG inequalities form a generic class of valid inequalities: they
apply to any IP




Subtour for TSP Subtour for TSP

min ) ceXe 1 ;
ecE | T
. \ A
st Y. Xe=2 ieV » ‘  oP
! 4 ‘\_ ;
4

f ecE|iee ‘ s f r
—— ) =2 pCQCV ‘ ! 3
5(Q ‘
‘ X €10, 1} : :
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Branch and Bound

Ilm ItS depending on the cut families

the algorithm may stop prematurely

the algorithm may not converge

the algorithm may converge slowly

the separation procedure may be NP-hard
the LP grows

the LP structure changes




Search tree LP-based B&B

oracle(S) = FALSE iff either:
—LP is infeasible
— the fractional solution X
is not better than the
incumbent x*
—TX is integer (update x*)

then prune node S

43 44

branching

which order to visit nodes ?

B node selection
| i

vanable selection

how to separate nodes ?

constraint branching
alternative to variable branching

45 46



node selection

i . — A .
update2 fail update3 fail l
}

Best Bound First Search explare less nades, manages larger trees
Depth First Search sensible to bad decisions at or near the root

DFS (up to n solutions) + BFS (to prove optimality) <

47

variable selection

most fractional easy to implement but not better than random
strong branching best improvement among all candidates (impractical)
pSEUdOCOSt branching record previous branching success for each var (inaccurate at root)

rellablllty branchlng pseudocosts m|t|a||se4cgwmh strong branching —

fail |

variable selection

most fractional easy to implement but not better than random

strong branching best improvement among all candidates (impractical)

pSEUdOCOSt branching record previous branching success for each var (inaccurate at root)
reIiabiIity branching pseudocosts initialiseg with strong branching

constraint branching

GUB dichotomy

m if (P) contains a GUB constraint 3~ z; =1,z € {0,1}"
m choose C' CCst 0< > Zi <1
m create two child nodes by setting either 3, z; =00ry , z; =1

m enforced by fixing the variable values
m leads to more balanced search trees

SOS1 branching

choose a warehouse depending on its size/cost:

COST = 100z7 + 180x2 + 320x3 + 45024 + 600x5
SIZE = 10z1 + 2022 + 40x3 + 6024 + 80x5
SOSN) tz1+z2+z3+xat+25=1

m let z; = 0.35 and z5 = 0.65 in the LP solution then SIZE= 55.5

m choose ¢’ = {1,2, 3} in order to model SIZE< 40 or SIZE> 60
49



Simplex
var branching

Preprocessing

Branch & Cut
Heuristics

modern solvers

50 51
SmarterCommerce EE::::Z @
Presolving Primal Heuristics Cutting Planes Component Impact CPLEX 12.5 Summary .
| Ve ° ° o 4_(:’/00\\0 ° ° ° ° -
. ° e . . of— T —r—— 0
400
. | ® L4 . . w350
e E
= g 3001
° ° ° ° ° ° o o =
5 250
Branch & Bound Domain Propagation Conflict Analysis 3
ETE X AN

(-] (-] -] (-]
\ o
° ' ETE o ETA “ 2 ‘
\~. \ B
, / ,." /\/\' 2 % affeclec? 9
¢ X3 7 X3 ¢ & OO
{\ " ," '\ N
° ° o ° O L‘f)

XEE @GR 00 o

Slide from Martin Grotschel Co@W Berlin 2015 - 5 2018 B ot



CPLEX12.7

Boolean Quadric Polytope (BOP) cuts
Clique cuts

Caver cuts

Disjunctive cuts

Flow cover cuts

Flow path cuts

Gomory frachonal cuts

Generalized upper bound (GUB) cover cuts
Implied bound cuts: global and local
Uft-and-prodect cuts

Mixed imeger rounding (MIR) cuts
Muilti-commodity flow (MCF) cuts
Reformutation Linearzation Technique (RLT) cuts

2ero-half cuts

Root relaxation: objective @.000000c+00,

Nodes | Current Node |

54

and 203 nonzeros

Objective Bounds

Expl Unexpl | Obj Depth IntInf | Incumbent

+52706364 28044

Explordd 233848403 Podes (460515864 simplex iterations) 1
® of 4 available processors)

Thread

Optimal solution found (tolerance 1.08e-284)

GUROBI 7.5

Chgue cut generation
Cover Gt generation

Flow cover cut peneration

Flow path ot generaton

GUB cover cut gonmeation
Imphod bound Gt genorasen
MIP 30000500 SUt QINerascn
MIR ut gonarason
Srong-O0 Gt generason
MOk cut ganerason
NEMWOK Cut QENeIAson
Propocied Imeod Dound Out QENeration
SubMP cut generaton
Zero-half cut generason
nleasiicy prood Cut generanon

h mymip.py markshare_5_@.mps.gz

— . TLAR ] s
hanged value of parameter Presolve to §>
L 4 e ult

Optimize & model with 5 rows, 45 columns
Found heuristic solution: objective 5335
Variable types: 5 continuous, 4@ integer (42 binary)

15 iterations, 0.90 seconds

Work

Gap | It/Node Tine

180% 2.1 1241s

seconds

Best objective 1.0080000000000e+00, best bound 1.000020000280e+08, gap 0.0%

Optimal objective: 1

reduce size
remove redundancies  x+y<3, binaries

substitute variables  x+y-z=0
fix variables by duality ¢;=0, A;j=0 = x=x,,

Preprocessing

fix variables by probing x=1 infeas = x=0

strengthen LP relaxation ;
adjust bounds 2x+y<1, binaries = x=0

lift coefficients 2x-y<1, binaries = x-y<1

identify/exploit properties
detect implied integer 3x+y=7, x int = y int
build the conflict graph

detect disconnected components
remove symmetries

55

[ :~/Documents/Code/gurobil$ gurobi.sh mymip.py markshare_5_0.mps.gz
Optimize a model with 5 rows, 45 columns and 203 nonzeros

Found heuristic solution: objective 5335

Presolve time: 0.00s

Presolved: 5 rows, 45 columns, 203 nonzeros

Variable types: @ continuous, 45 integer (4@ binary)

Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | Objective Bounds | Work
Expl Unexpl | Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time

.00000 0 5 5335.00000 .00000 100% 0s

320.0000000 .00000 100% 0s

.00000 6 320.00000 .00000 100% 0s

.00000 5 320.00000 .00000 100% 0s

.00000 6 320.00000 .00000 100% 0s

.00000 5 320.00000 .00000 100% 0s

239.0000000 .00000 100% 0s

. 00000 5 239.00000 . 00000 100% 0s

] 96.0000000 .00000 100% . 0s

99 32 58.0000000 .00000 100% . 0s
506 214 53.0000000 .00000 100% . 0s
H30682 442 1.0000000 .00000 0.00% . 0s

Cutting planes:
Cover: 26

Explor: 30682 nodeY (65348 simplex iterations) iff 0.70 Yeconds
Thread of 4 available processors)

Optimal solution found (tolerance 1.00e-04)
Best objective 1.000000000000e+00, best bound 1.000000000000e+00, gap 0.0%

Optimal objective: 1
56
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diving at some nodes
local search in the incumbent neighbourhood

Primal Heuristics

accelerate the search alittle
appeal to the practitioner a lot

57

how to tune

modern solvers
play with Gurobi

59

limits

highly heuristic (branching decisions, cut generation)
floating-point errors and optimality tolerance (0.01%)
generic features

less effective on general integers (ex: scheduling)

hard to model (and solve) non-linear structures
NP-hard

Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | jective Bounds | Work
Expl Unexpl | Obj Depth IntInf Incumbent BestBd Gap | It/Node Time

] ] 0.00000 ) 5 5335.00000 0.00000 100% - 0s

‘ H, ] ] 320.0000000 0.00000 100% - 0s
] ] 0.00000 /) 6 320.00000 0.00000 100% - 0s

] ] 0.00000 ) 5 320.00000 0.00000 100% - 0s

0 ] 0.00000 ) 6 320.00000 0.00000 100% - 0s

] ] 0.00000 ) 5 320.00000 0.00000 100% - 0s

H ] ] 239.0000000 0.00000 100% - 0s

] ] 0.00000 ) 5 239.00000 0.00000 100% - 0s

@ 36 ] 29 96.0000000 0.00000 100% 2.7 0s
99 32 34 58.0000000 0.00000 100% 2.1 0s

H 506 214 53.0000000 0.00000 100% 1.9 0s
H30682 442 1.0000000 1.00000 0.00% 2.1 0s

h [] tl
set 3 time limit

MIPFocus=1
ImproveStartGap=0.1

60



Root relaxation: objective 0.000000e+0®iterations, 0.00 seconds Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | Objective Bounds | Work Nodes | Current Node | ﬁ tive Bounds | Work
Expl Unexpl | Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time Expl Unexpl | Obj Depth IntInf Incumbent BestBd Gap | It/Node Time
0 0 0.00000 ] 5 5335.00000 0.00000 100% - 0s ] ] 0.00000 [] 5 5335.00000 0.00000 100% - 0s
H 0 0 320.0000000 0.00000 100% - s H ] ] 320.0000000 0.00000 100% - s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s 0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 ] 5 320.00000 0.00000 100% - 0s ] ] 0.00000 ] 5 320.00000 0.00000 100% - 0s
0 0 0.00000 ] 6 320.00000 0.00000 100% - 0s ] ] 0.00000 [] 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% - 0s 0 0 0.00000 0 5 320.00000 0.00000  100% - 0s
H 0 0 239.0000000 0.00000 100% - 0s H ] ] 239.0000000 0.00000 100% - s
0 0 0.00000 ] 5 239.00000 0.00000 100% 0s ] ] 0.00000 ] 5 239.00000 0.00000 100% - 0s
* 36 0 29 96.0000000 0.00000 100% 0s * 36 0 29 96.0000000 0.00000 100% 2.7 0s
* 99 32 34 58.0000000 0.00000 100% 0s * 99 32 34 58.0000000 0.00000 100% 2.1 s
H 506 214 53.0000000 0.00000 100% s H 506 214 53.0000000 0.00000 100% 1.9 s
H30682 442 1.0000000 1.00000 0.00% 0s H30682 442 1.0000000 1.00000 ©0.00% 2.1 0s

change the LP solver supply a feasible solution

If built-in heuristics fall
PumpPasses,MinRelNodes,Zero0bjNodes
model.read(‘initSol.mst’)
model.cbSetSolution(vars, newSol)

if nblteration(node) = nblteration(root)/2
NodeMethod=2

6l 62

Root relaxation: objective 0.000000e+00, 15 iterations, 0.00 seconds

Nodes | Current Node | Objec@ | Work
Expl Unexpl | Obj Depth IntInf | Incumbent BestBd Gap | It/Node Time ht_tp . //WWW gurobi Com/
. . .

0 0 0.00000 0 5 5335.00000 0.00000 100% - 0s
H 0 0 320.0000000 0.00000 100% - 0s
0 0 0.00000 [ 6 320.00000 0.00000 100% - 0s
0 0 0.00000 0 5 320.00000 0.00000 100% - 0s
0 0 0.00000 0 6 320.00000 0.00000 100% - 0s
0 0 0.00000 ] 5 320.00000 0.00000 100% - s
H 0 0 239.0000000 0.00000 100% - 0s
0 0 0.00000 0 5 239.00000 0.00000 100% - 0s
* 36 0 29 96.0000000 0.00000 100% 2.7 0s
* 99 32 34 58.0000000 0.00000 100% 2.1 0s
H 506 214 53.0000000 0.00000 100% 1.9 0s
H30682 442 1.0000000 1.00000 0.00% 2.1 0s

tighten the model

If the bound stagnates

Cuts=3

Presolve=3

model.cbCut (lhs, sense, rhs)

/documentation/8.0/refman/mip models

/resources/seminars-and-videos
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improve

you Rnow your problem better
than your solver does

min Zc]r]+iid,]y,] 14 hours

j=li=1

j=1l.n

j=l.n,i=1l.m

) - : . o
e chwjzhzl v facility e n 2 seconds
°r 1 from : ./ min Z cjxj+ Zdi}yl}
s.t. Z.Vij=1 i =1.m =55 ; et
= :

nd .
Yij = Xj j=1.n,i=1. : ; v S.t. ]Z:lyl']:l i=l.m
wenl : . + | Yij=Xj j=l.n,i=1.m
yij € 0.1} S b= Lem e Ay 4 xj€{0,1} j=1l.n

yij€10,1} j=l.n,i=1.m




n n n
min th)’t"'z ZP
=1 i=1t=i

13
s.t. Z Zit= dt
i=1

zir < dy;
yr€{0,1}
Zit = 0

n time periods, fixed production
cost f¢, unit production cost p;, unit
storage cost h¢, demand d: for each
period t

a mimimum (production and
storage) cost production plan to
satisfy the demand

n n -1 A production

iZit+Z Z i P, unit

i=1t=i+lj= - each

t=1.n
and

i=l.mt=i.n L to
t=1.n

i=l.mt=i.n

n n
min Y fiye+ Y pexe+

t=1 t=1 =1
S.t. Si_1+Xe=di+ 8¢

X:<My;

y:€1{0,1}

S, X =0

so=0

n n n n t-1

min Zfry;+ZZpiziz+Z > 2 hjzie
=1

i=11=i i=11=i+1j=

13
S.t. Z Zit= dt
i=1

zir < dy;
yr€1{0,1}
Zit = 0

t=1.n

i=l.mt=i.n
t=1.n
i=l.mt=i.n

production
Pt, unit
r each

and
1 to

7 production
Pt, unit
r each

and
1 to




n
n containers, m items, min Zy,: ems,

i=1 iners,

capacity c for all containers,
m
weight w; for each item j s.t. ijxijSCJ’i i=1.. j
a packing of all items in j=1 items in

a mimimum number of containers . ainers

min Y X, ems,

seF iners, :
st ) ajsxs=1 j=1.. j and weight wj for each item j,

n items, m bins, value c;

seS capacity K; for each bin 1.

items in
xs € {0,1} a maximum value subset of

ainers
items packed in the bins.

delayed column generation




Multi 0-1 Knapsack
Problem

i=1.m

j=1l.n

j=l.ni=1.m

performance

maintainability

MIP advantages

' _ {’ Multi 0-1 Knapsack

= i=1l.m
m n m n
max ) Y cjxij— Y mi(), wjxij—Ki)
i=1j=1 =1 j=1
g m
s.t. Z Xij<1
i=1

lagrangian relaxation

constraint programming

but if all else fails

SAT







